This paper presents the first construction of strongly regular graphs and association schemes from weakly regular plateaued functions over the finite fields of odd characteristic. Indeed, we generalize the construction method of strongly regular graphs from weakly regular bent functions given by Chee et al. [Journal of Algebraic Combinatorics, 34(2), 251-266, 2011] to weakly regular plateaued functions. In this framework, we construct strongly regular graphs with three types of parameters from weakly regular plateaued functions with some homogeneous conditions. We also construct a family of association schemes of class p from weakly regular plateaued p-ary functions.
I. INTRODUCTION
Certain combinatorial objects such as association schemes and strongly regular graphs have diverse applications in many areas, especially in coding theory and cryptography. It was shown in a few papers [1] , [2] , [9] , [10] that these combinatorial objects may be constructed from weakly regular bent functions. Within the same framework, we use weakly regular plateaued functions to construct association schemes and strongly regular graphs over the finite fields of odd characteristic.
The paper is organized as follows. The rest of this section settles the main notation and background. In Section II, we obtain a family of p-class association schemes from weakly regular plateaued functions over the finite fields of characteristic p. Section III constructs three types of strongly regular graphs from weakly regular plateaued functions over the finite fields of odd characteristic.
A. Difference Sets and Strongly Regular Graphs
Let G be a (multiplicative) group of order v, with the identity element 1 G . A k-subset D of G is called a (v, k, λ) difference set if each non-identity element of G can be represented as gh −1 (g, h ∈ D, g = h) in exactly λ ways. Notice that D is a (v, k, λ) difference set in G if and only *This work is an invited paper at the IWSDA'19.
in exactly λ (resp., µ) ways. A well-known example of PDS is the Paley PDS. By the group ring notation, a k-subset D with
We note that D (−1) = D when λ = µ. For more detail on difference sets, the reader is referred to [4] . Combinatorial objects associated with partial difference sets are strongly regular graphs. A graph Γ with v vertices is called a (v, k, λ, µ) strongly regular graph (SRG) if each vertex is adjacent to exactly k other vertices, any two adjacent vertices have exactly λ common neighbors, and any two non-adjacent vertices have exactly µ common neighbors.
Given a PDS D with λ = µ in G, one can construct a strongly regular Cayley graph, Cay(G, D), with vertex set G and two vertices g, h are joined by an edge if and only if gh −1 ∈ D. The following proposition states the connection between SRGs and PDSs.
B. Association Schemes and Schur Rings
Let V be a finite set of vertices and {G 0 ,
Then, the decomposition (V ; G 0 , G 1 , . . . , G d ), or equivalently,
is called an association scheme of class d on V provided that the following properties hold:
978-1-7281-1669-3/19/$31.00 ©2019 IEEE An association scheme is said to be symmetric if each G i is symmetric.
One of the well-known construction methods of association schemes is to use Schur rings. Let G be a finite Abelian group and D i , 0 ≤ i ≤ d, be non-empty subsets of G with the following properties:
For more detail on association schemes, the reader is referred to [11] .
C. Weakly Regular Plateaued Functions
We here set the basic notation and previous results related to weakly regular plateaued functions. The following notation are fixed throughout the paper unless otherwise stated.
-For any set E, #E denotes the size of E and E = E \ {0}. -p is an odd prime and q = p n is an n-th power of p for a positive integer n. -F p n is a finite field with p n elements and F p n is a cyclic group. -An additive group of (F p n , +) is represented by G.
-The trace of α ∈ F p n over F p is defined by Tr n (α) = α + α p + α p 2 + · · · + α p n−1 . -ξ p = e 2πi/p is a complex primitive p-th root of unity.
-SQ and N SQ denote respectively the set of all squares and non-squares in F p .
is called the canonical additive character of F p n . Let f : F p n −→ F p be a p-ary function. Then the Walsh transform of f is given by:
A bent function f is said to be weakly regular bent if there exists a complex number u having unit magnitude and a p-ary function f :
for every β ∈ F p n . Notice that f is also a weakly regular bent function.
As an extension of bent functions, the notion of plateaued functions was introduced by Zheng and Zhang [12] . A function f is called s-plateaued if | χ f (β)| 2 ∈ {0, p n+s } for every β ∈ F p n , where s is an integer with 0 ≤ s ≤ n. We remark that every bent function is a 0-plateaued function. The Walsh support of an s-plateaued f is defined by
The following lemma gives the absolute Walsh distribution of plateaued functions, which follows directly from the Parseval identity.
Lemma 1. Let f : F p n → F p be an s-plateaued function. Then for β ∈ F p n , | χ f (β)| 2 takes p n−s times the value p n+s and p n − p n−s times the value 0.
Mesnager et al. [5] , [6] have recently introduced the notion of weakly regular plateaued functions. An s-plateaued function f is said to be weakly regular s-plateaued if there exists a constant complex number u having unit magnitude such that
The Walsh transform values of these functions can be expressed as follows. Notice that all quadratic unbalanced functions without constant term are contained by the class WRP. As an example, we give the following non-quadratic function.
) is a weakly regular 2-plateaued unbalanced function in the class WRP. Clearly, for all β ∈ F 3 4 , we have
where = 1 and g is an unbalanced function. We remark that Supp( χ f ) = {0, 1, 2, ζ 10 , ζ 20 , ζ 30 , ζ 50 , ζ 60 , ζ 70 }, where ζ is a generator of F 3 4 = ζ for ζ 4 + 2ζ 3 + 2 = 0.
We recall the following results.
Lemma 3.
[7] Let f ∈ W RP . Then for any β ∈ Supp( χ f ) (resp., β ∈ F p n \ Supp( χ f )), we have zβ ∈ Supp( χ f ) (resp., zβ ∈ F p n \ Supp( χ f )) for every z ∈ F p . Proposition 2.
[7] Let f ∈ W RP . Then there exists a positive even integer l with gcd(l − 1, p − 1) = 1 such that g(aβ) = a l g(β) for any a ∈ F p and β ∈ Supp( χ f ).
We now define the subsets
for every j ∈ F p and
for every t ∈ F p . In particular, we have L 0 = F p n (here, L t can be seen as an element of the group ring C[(F p n , +)]). Clearly, we have
is the sign of χ f . Let n + s be an even integer and D f,j be defined as in (2) for every j ∈ F p . Then,
II. A FAMILY OF ASSOCIATION SCHEMES OF CLASS p FROM WEAKLY REGULAR PLATEAUED p-ARY FUNCTIONS
In this section, we generalize the construction method of association schemes given by Pott et al. [9] from weakly regular bent functions to weakly regular plateaued functions over the finite fields of odd characteristic.
As an extension of [9, Lemma 5], the following lemma can be given with a slight modification.
Lemma 5. Let f ∈ W RP and l be given by Proposition 2. Let D f,j and L j be defined as in (2) and (3) 
Proof. For β ∈ Supp( χ f ), applying an additive character χ β of F p n to L t for t ∈ F p , we have
where g is a p-ary function over Supp( χ f ). Here, the last equality is deduced from Lemmas 2, 3 and Proposition 2. We now prove the first assertion (i). If k + t = 0, then for β ∈ Supp( χ f ) we have
where in the last equality we used the fact that η 0 (tkv −1 ) = η 0 (tkv) with k 1−l + t 1−l = v 1−l . This implies that
The assertions (ii) and (iii) can be easily observed with a simple computation (see [9, Lemma 5] ).
We can derive from Lemma 5 the following lemma.
Lemma 6. Let f ∈ W RP and l be given by Proposition 2. Let D f,j and L j be defined as in (2) and (3) for every j ∈ F p . Then for a, b ∈ F p
Proof. For a, b ∈ F p , by (4) we have
which completes the proof.
From Lemma 6, we have for a, b ∈ F p ,
where c = p n (pδ a−b − 1) with the Kronecker symbol δ, and
This implies that D f,a D f,b can be written as a linear combination of the D f,j 's. We now show that the sets {0}, D f,0 \ {0}, D f,1 , D f,2 , . . . , D f,p−1 span a Schur ring.
Theorem 1. Let f ∈ W RP and l be given by Proposition 2. We define the subsets A f,0 = {0} and
Then, the subsets A f,0 , A f,1 , . . . , A f,p span a Schur ring.
Proof. We derive from (2) that A f,1 = D f,0 \ {0} and A f,j = D f,j−1 for j ∈ {2, . . . , p}. Then, by using (5), A f,a A f,b can be represented as a linear combination of the A f,j 's for a, b ∈ F p . Notice that A f,a A f,b has integer coefficients and A f,j 's are disjoint. Hence, the proof is complete from the definition.
Remark 1. Theorem 1 says that the configuration
for j ∈ {0, 1, . . . , p}. We note that the scheme is symmetric since A
III. STRONGLY REGULAR GRAPHS FROM WEAKLY

REGULAR PLATEAUED FUNCTIONS
In this section, we generalize the construction method of strongly regular graphs given by Chee et al. [1] and by Feng et al. [2] from weakly regular bent functions to weakly regular plateaued functions over the finite fields of odd characteristic.
The main aim is to show that the following subsets D f = {x ∈ F p n : f (x) = 0}, D f,sq = {x ∈ F p n : f (x) ∈ SQ}, D f,sq,0 = {x ∈ F p n : f (x) ∈ SQ ∪ {0}}, D f,nsq = {x ∈ F p n : f (x) ∈ N SQ} (6) are partial difference sets in (F p n , +) for an s-plateaued function f ∈ W RP when n + s is an even integer. Assume that n + s is even throughout this section. Notice that we have Lemma 7. Let f ∈ W RP and l be given by Proposition 2. Let D f,0 and L v be defined as in (2) 
where v = (k 1−l + t 1−l ) 1 1−l .
We now establish the main results of this section, which require to compute the squares D 2 f , D 2 f,sq , D 2 f,sq,0 and D 2 f,nsq
